Jlekiiust 1 PeanHu uuncia - obpBa 4YacT

Jlokazamencmeo 3a /2 ¢Q
JlomyckamMe IPOTUBHOTO, TOECT /2 = § , p,q € N. B.0.0O. canrame p u ¢ 3a B3anMHO TPOCTH.
2¢°> = p? Caenosaresno p? ce e Ha 2 6e3 ocrarbk. To, p cbmo. CiieoBaTe/IHO IpeIcTaBAMe P = 27
BamecTBaMe 1 HoaydaBaMe g2 = 272 AHaJOTHYHO, ¢ Ce JeJu Ha 2. p U ¢ ca derHH, nporusopeune! [

Ynpaotcnenue: Ja ce doxaorce, ue sup(A + B) = sup A +sup B, kamo A+ B:={a+ B:a € A,b € B}
I. sup A 4 sup B e ropua rpaunurna va A + B

3a npousBoJiHO @ € A, supA > a
3a npousBosino b € B, supB > b

= Vz €A+ B:supA+supB >z

} = a+b<supA+supB

II. Besiko ¢ < sup A + sup B He e TopHa rpaHuiia

ITomarame 0 < ¢ =sup A +supB —c. supA— 5 <supA = Jag € A:ag >sup A — 5, aHamorn4Ho 3a
bo.

CaemoBaresHo ag + by > sup A+sup B —¢e  ag + by > ¢, Torasa ¢ HsiMa Kak Ja Obje ropHa rpanuna. [

Zoxasameacmeo 3a Ipunyun Ha HenpexscHamocm
I. Pasruexk tame nHenpasuo B := A N [0; +00), orpanudenu orrope. AKo cbiecTByBar, sup A = sup B
[MocrposiBame @ = ag.aj az - - - € R, Taka ye ag = max{|a| :a € B} u
a; = max{a; € {0,...,9}: Ja € Bia=ap.a1---a_1a;-" -}
TebpauM, de @ = sup B. Pukcupame Mpou3BoOJHO a € B.
Axo @; = a; 3a Besko i € NU {0}, roa =a
AKO CBITECTBYBA Gy, # Gy, TO Gy > G (OT KOHCTPYKIMATA, HAMA KaK Gy < an). Torapa @ > a
Tebpaum, we npousBosino d € B ue e ropua rpauumna. [lle mokaxewm, ye d < a 3a uskoe a € B
[Monexe d < @, To cbinecTByBa n, TakoBa e d; = a; Vi € {0,1,...,n} u dp+1 < Q1
Ypes KOHCTPYKIUSATA, CBIIECTBYBA 4 = A(0.A1 * " * Oy Apt1 Apt2 -+ U d<a (< 6)
IT. ITomo6Ho pasriexgame HempasHoTo B := AN (00;0) O

JIekmmus 2 Peasnum yucia - BTopa 4acT U CXOASIIUA PEIUINA

Zoxazameacmeo 3a Axcuoma Ha Aprumed
Homyckame mporusaoTo, ue A = {e,e + e, ...,ne,...} (ne e n-rbTH € cHOPaHO Cbe cebe cn).
Coriacuo ITpunyun za nenpexschamocm, cbinectByBa sup A. To Torasa sup A — e < sup A.
Ot nedunummATa 38 CynpeMyM, cbinecTByBa ne > sup A —e  (n+ 1)e > sup A, nporusopeune! (]

Jlokasameacmso 3a "Hrnmepsassm (a;b) cadeporca none edno pauuonasno wucao, npu a,b € R a < b”
b.0.0. a =ag.a1a2--+ u b= 0by.bibs--- ca weorpunmareanu. b.0.0. a He 3aBbpiBa Ha 9 B Iepuos,.
Ot a < b, 3nauu cbmecrByBa n € NU {0}, takoBa we a; = b; Vi€ {0,1,....n—1},a, < by,.
Hexa a; #93aj>n+1. r:=ag.a1as--- aj,i(aj + 1) e kpaiina jeceruuHa 1pod MexkLy @ U b. |

Zoxasameacmeo 3a "Crodsuume peduyuy ca ozparuieny’

Heka a,, — a. Torasa {n € N: a,, € (a —e;a+¢)} e xopunurao. Heka a,, € (a —e;a+ €) 3a Bcuuku
n—oo

n > ng. Cuenosarenno, {a, : n € N} C [m, M], kbaero m = min{ay,...,a — e} u M = max{ay,...,a+¢e} O
Jloxasamencmeo 3a Jlemama 3a deamama nosuuau

Ini €N Vn>ng:a, € (a—c;a+e)

ng = max{ni,ns}t. ToraBa Vn >ng:a—c<a, <c, <b,<a-+e¢
ElanNVnZnQ:bnG(a—g;a—|—5) 0 {17 2} Z 1o nSCh S Op +

= ¢, €(a—¢g;a+e) Vn>ng O



Jlekmmuss 3 Peauiiu ot peajiHu 4yucJa

Zloxasameacmeo 3a ay, —> 0 — — 0
a" n—00

(=) Or ged. 3a cxousima peauna BbPXy ai — 0, uckame Ve >0 Ing € N Vn > ng : ’i - O‘ < €.
n on—

Toect, ThpenM Jia oKaxKeM |a,| > L. (—oo; —%)U(;,oo) e oKoJHOCT Ha 00, T0 Ing € N Vn > ng : |an| > L.

1
Qn

1 1

(<) Pasruexkjame mpou3BOJIHO ﬁ > 0. Ilom — 0, o dIng € N ¥n > ng : ’E’ < 3. Toma e

exBuBasjeHTHO Ha dng € N Vn > ng : |a,| > M, Touno ;Le(b Ha a4 — 00 O
n—oo

Aoxazamencmso 3a "Axo {an}o | e pacmawa u ozpanuvena omeope, mo ma e cxrodaua.”

Ot mpuHIMIIAa 38 HEIPEK'bCHATOCT, ChIIECTBYBa cynpemMyM L Ha MHOXKecTBOTO {a, : n € N}.
Ba npoussoneo €, L —e < L= dnp:an, >L—c. Ban>np, L—ec<ap, <a, <L<L+e.
CaenoBaresito a,, € (L —€; L + €) 3a BCIKO n > np ¥ PEJUNATA € CXOJIAIa KbM L. O

Jlekuiust 4 Peaunmu ot pesanm yucia. I'panunm Ha QYyHKIUN.

Zoxazameacmeo 3a "Axo a, — a, mo a e eQUHCMBEHA MOUKA HA C2oCMABAHE”
n—o0

(I'panumara e Touka Ha CI'bCTABaHE, MOHEXKE KODUHUTHUTE MHOYKECTBA Ca OE3KpAiHIL. )
Jomyckame TpOTUBHOTO, TOECT 4e ChIiecTBYBa b € R, b # a Touka Ha CI'bCTsIBAHE.
Hexka U oxomnoct Ha @ 1 V okosHOCT Ha b, Takusa ye U NV = ().

{neN:a, €U} = {neN:a,¢U} DO {neN:a,eV}

Ve
kouHUTHO (@ Tpanuna) KpaiHo Geskpaiino (b . Ha crbcTABaHe)

Beskpaiino MHOXKECTBO ce ChIbp2Ka B KpailHO, MpoTuBopeune! (I

Hoxasamencmeo na "Hexa {an}32 | e cxodswa u {an, }32, e nodpeduya. Tozasa {an, }7>, € crodawa xom
eparuyama ma {an 152”7
Heka a,, —> a n U okosHoCcT Ha a, To dng € N Vn >ng:a, € U. n1 <ng < ...= dng, > no.

Torasa Vk: > k:o Nk > Nk, = Ng | CICJOBATENHO a4y, € U. Ilomyunxme a,, —— a O
n—oo

Jloxazamencmeo na "a e mouka na cescmasane Ha {an oo

= cowecmeyea nodpeduya Gy, — a’
k—o0
I. cemecTBYBa NOApEIUIA Gy, k—) a4 = a e T. HA CI'bCTsIBAHE
— 00

Hexa U e okommocr na a. kg Vk > ko :a,, €U

II. a e T. Ha crbcTABaHEe = CBINECTBYBA MOJAPEIUNA Oy, — O
k—o00

Ba okosiHOCT (@ — €,a 4+ €), Ing : an, € (a —e,a+ ). ITonexke okosHOCTTA € ¢ GE3KpaeH OPOii wieHOBE,
a {l,...,n1} e kpaiino, To Ing,ng > N1 : an, € (a — 5,a+ 5). Taxa 10 an, € (a — 3,0+ 5).

[Mocrpomxme ny < ng < --- < ny < ---. To rorasa {a,, }7>, e noxpequna u |a,, —al < § —— 0 =
- k—o0
, T a |
k—o0

Jloxazamencmeo na Teopemama na Boayano-Batepwpac (IIpunyun 3a xomnaxmmocm,)
I. Begka orpanndena peaniia nMa CXOJISINA TTOIPE TN
{an}32 cxongma = osmnadasame a, € [by,co] ¥n € N. Bposr 4ieHoBe na mone euH 0T HHTEPBAJINTE
[bo, bo% u bo%, co} e Ge3kpaeH, o3HaYaBame To3u uHTEpBaJ C [b1, c1]. [IpombikaBame Taka 1o [by, ck).
3abenszBame, de bg < by < - <bp <---<cuUcy>cL > >cp > > by
To {by}32, e pacrsamia n orpaHndeHa OTrope, {¢x}32 | € HaMaJIFBalla U OTPAHIYEeHa OTIOIY.

I1. Besika orpanndeHa peaniia MMa, TOUKa Ha, CI'bCTSIBAHE
Hexka oznaumm rpanuiara Ha {by}7°,: by —— a. Torasa:
- k—o0

|ck—a|<\ck—bk\+]bk—al—>0+0 = ¢, ——a
k—o0



Heka (a —€,a + ¢) e okomnocr Ha a. by € (a —e,a+¢) Yk > ki nc, € (a—¢e,a+¢) Yk > ka. Heka
ko = max{ki, k2}. To Torasa, mo koucrpykuus, [by,,cx,] C (a — €, a + £) uma 6e36poit MHOrO WICHOBeE.
CrenoBaresiHO, BbB BCSIKa OKOJIHOCT Ha @ nMa 0€30pOii MHOT'O 4JIEHOBE. (|

Aoxazameacmeo na "Hexa {an}o | e ozpanuvena peduya ¢ edurncmeena mowka na cescmasare. Toeasa
peduuyama e crodswa.”

OsnauaBame a, € [b,c]. e nokaxem, de a (1. Ha crbeTsiBaHe) e rpanuna. Jlomyckame mpoOTHBHOTO.

CuretoBaTesIHO, CHIIECTBYBA £, TAKOBA Y€ U3BbH OKOJHOCTTA (a — €,a + £) uMa 6e30poii dIeHOBe.

Toecr, nim B [b,a — €], wim B [a + €, ¢] nma 6e30poit uinena. To ToraBa chblecTByBa T. Ha CI'bCTSIBAHE
d € [bja —¢],d # a, unin d' € [a + ¢,b],d # a, HO 1O yc/OBHe MMa CaMO eJ[Ha TOYKA Ha CI'bCTIBAHE,
nporuBopeune! U

Hoxazamenacmeo na Heobxrodumo u docmamasuro ycaosue na Kowu 3a crodumocm Ha peduya
I {a,}5%, e cxopama = {a,}5°; e dyHnamenramna
Hexa rpanunara e a. 3a npoussonno 5 > 0, chmecrsysa ng € N, Takosa 9e Vn > ng : |a, —a| < § u

AHATIOTHYIHO VM > ng : |am — al < §

e €
lam — an| < lam —a| + |an, —a| < B + 5=¢ (medb. 3a dynmamentagHa peguna)
IL. {an}22, e bynnamentamna = {a,}°°; e cxoxsma
Ot dyHIaMeHTaIHOCT = 3a MPOU3BOIHO € Ing Yn,m > ng : |ay, — am| < €. B wactHOoCT M = ng u
lan — any| <€ = ap € (an, —€,an, +€) Yn>ng = {a,}72, orpanudena.

o0
Ot npuHIUIA 38 KOMIIAKTHOCT, CHIIECTBYBA CXOISINA ITOIPEINATIA {an,c } hey- Heka ap, m a.

Or dynmamentamnocrra = |a, — am| < 5§  Vn,m >ng = |a, —an, | < §  Vng >ng Yk > k.

HIom moapeauiara e cxoxgma, o Jko Vk > ko : |ay, —al < 5

3a k := max{ki, k2} e BUHATM U3I'BJIHEHO |Gy, — a| < § U [an — ap, | < §.

Hle noxazkem, 4 ay, —— a: |an —a| < |ag — ap, | + |an, —a| <5+ 5 =¢ O
n—o0

Jleknimst 5 I'panunu Ha QYHKIINU

Loxazamencmeo wa “edunuyuume 3a eparuya 666 gopmama Ha Kowu u Xatine ca exeusasernmmy”
I. ®opma va Kommm —> ®opwma na Xaitae
Heka xli_)rgo f(z) = L n 3a npousBoJiHa penuna T — 20, Tp € D, x, # x9. Pasriexmame 0KOJIHOCT
(L—¢,L+¢). Ot ged. na Kommm: 36 >0 Vo € DN (xg—d,x0+9),x #zo: f(x) € (L—¢,L+¢)
Cwpimo, Ing Vn > ng : |z, — 20| < § u caenosaresnno f(x,) € (L —e, L + ). Hokazaxme f(xy,) — L
I1. ®opma na Xajine —> Dopwma na Kommmu
Jlomyckame TpOTUBHOTO, TOECT

—(Ve IdVa,x £ xo, |z — x| <0 :|f(x) — L|<e) = FeVdIr,x#x,|x—z0| <d:|f(x)—L|>¢
Pazriexname npnézl,%,%,--- ,%,---:
0=1= Elxl,xlzxo,]azl—xo\<1 |f(z1)—L| >¢

1
0= 5 = drg,x9 > X0, |$2 - .T0| < - |f(l‘2) L‘ >

1 1
5:ﬁ:> Hscn,:vn>$o,|xn—xo|<g¢’f(f”n)_L’25

[Mouexe |z, — xg| < % —— 0, uMamMe pemuIaATA Ty — o Or Xaitwe = f(x,) —— L,
n—oo

nporusopeuwe ¢ |f(x,) — L| > ¢! O



Hoxazameacmeo na "Axo f : D — Dy, ¢g: Dy - R, D,Di CRu ml1ﬁ11961 f(z) = yo, f(x) # yo npu x #
20, lim g(y) = L, mo comecmoysa lim (g0 f)() = L” :

ITo ycnosue a:h—gclo f(x) = yo, T0 or nedununuaTa Ha Xaitne 3a rpanuna zHa QyHKIM 3a
{zn}2 € D\ A{zo}, zn —— - %0, CIeapa e f(zy) — = Y- Osnauasame y,, == f(x,).

Torasa 3uaem {y, }°°; C D1, yn — Yo OrHOBO OT IecbunnMsITa HA Xaiine, ciesa de g(y,) — L.

n—r00
CroiecrByBanero Ha rpanunara uiasa or ¢(y,) = g(f(zn)) = (g o f)(xn) — L. O
n—oo

Joxazamencmeo na “Heobrodumo u docmamsuno ycaosue nwa Kowu 3a cowecmsysane Ha 2paHuya Ha
pymryus”

Cobmecreysa lim f(z) =L <= Ve > 036 > 0Va', 2" € (DN (29— §,20 +9)) \ {zo} : |f(2') — f(2")] <e

—T0

(=) Uzbupame € > 0, Torasa 36 > 0V € (DN (zo — 0,20 +9)) \ {zo} : [f(x) — L] < §
Heka 2/, 2" € (DN (xo — d, 20+ 0)) \ {x0} npoussonuu. Torasa

|f(2) = L] < § / N / " / " E €
|f(x,,)_L,<2% }@If(x)—f(w I =1f@) +L=L=fa") <|f@) = LI+ |f@") - LI <5 +5=¢

(<) Pasrmexxname npoussonno {2,150, C D\ {xo},z, —— x0. Ille mokaxem, we {f(x,)}2; e
n— oo

dyunamentagra. 3bupame npousBosiHo € > 0, Torapa:
30 > 0Va',2" € (DN (xo — d,20 +9)) \ {zo} : |f(2) — f(a")] < e

Tp —— 2o = Ing € NVn > ng : |x,—x0| < . Crenosaresno Vn > ng, xy, € (DN (20—0, x04+0))\{zo}-
n—oo

Nsbupame npoussonu m,n € N, m,n > ng, Tpm,&n € (DN (x0—0,20+0)) \{zo} = |f(zm) — f(zn)| < ¢

Hokazaxme, qe {f(x,)}72, e bynmamenranna (ciaegoBarento u cxoxama). 1lle mposepum, e rpamnunara

ua {f(zn)}0e; 3aBucu camo ot f u xg. Heka ce mpubimzkaBaMe K'bM Z( IO JBa PA3JIMYHA HAYMHA:

{zn}5, € D\ A{xo}, 2 —— xo = {f(xn)}22, e bynnamenranua = f(z,) —— L’
n—oo n—oo

{yn}ey € D\ A{zo}, yn —— zo = {f(yn)}22, e dynnamenramua = f(y,) —— L

Pasrnexname penunara 1, y1, 2, Y2, ... — xo. Lo Torasa pemunara f(z1), f(y1), f(z2), f(y2),... —— L
n—oo n—o0

e cxongama. IloHexke BCAKa IMOApeAMIa Ha CXOIAINA PEIuIla UMa ChinaTa rpanuna, to L' = L = L. O
Jloxazameacmeo na "lim f(x) cowecmsysa <= lim f(z) = lim f(x) cowecmeysam”
T—T0 x—)a:a x—ma'

(:>) OquH,ILHO (peCTpI/IKHI/IHTa Ha JidBaTa U JgdCHaTa OKOJTHOCT Ha Iy HE IPOMEHA I‘paHI/IHaTa).

(<) Hexa f: D = R, D = (29— 8,20+ 6) \ {wo} u lim f(z) = L= lim f(z).

wﬁxo 1‘*)1‘0
WN3bupame npoussosso € > 0 u Torasa:

limx_mg flz)—L= 361 >0Vz e DN (xg—d,x0):|f(x)—L|<e
hmac—mS' f(x)— L= 302 >0Vz € DN (xg,x0+02):|f(x)—L|<e

[Moarame § := min{dy, §2,0}. Torasa Vz € D, |z — 20| < §:

x>xo=x € (x9,20+0) C (0,20 + d2) N D
x<x9g=2x€ (x9g—9,20) C (X9 — d1,20) N D

} = |f(z)—L|<e¢



Jlekiua 6 HemnpekbcHaTu dyHKOINU

Zoxasameacmeo na Teopemama Ha Boayaro
B.0.0. neka f(a) <0, f(b) > 0. Pasrnexname A = {x € [a,b] : f(z) > 0}, TO e HENPA3HO U OrpAHUYEHO.
CrenoBaresino npurexkasa inf A = xg.

f e HenpekbcHaTa B G
fla) <0
f e HempekbcHaTa B b

f(b)>0

Axo f(zo) > 0, ciegsa ge 36 > 0 Vo € (vo—39,20+9) : (x0—6,20+0) C (a,b) u f(z) > 0. CiaenoBaresntHo
(xo — 8,20 +0) C A u xp HE e JoJIHA I'DAHUIA, IPOTUBOpeYne!

Axo f(zo) <0, ciegsage 36 > 0 Vo € (vog—39,20+9) : (x0—6,20+0) C (a,b) u f(z) < 0. CiaemoBarenHo
Vo € [xg,x0+9) : v ¢ A. dcno e ue Vz € [a,xg) : @ ¢ A. CuenoBaresnno xg + § e jjojHa rpaHuna Ha A,
nporupopevne!

OcraBa f(xg) = 0. O
Jokazameacmso na Teopemama 3a mesrcournume cmotinocmu

Pasrnexpame g(z) = f(x) — ¢. Ta e nenpexbcHara, nedbunupana B [a,b] u e B cuna g(a) - g(b) < 0.

Ot Teopemara Ha Bouano, nonygasame 0 = g(zg) = f(zo) — ¢, zo € (a,b). O

}:> 361 >0Vzx € fa,a+d1): f(z) <0 = zp>a+d >a

}:> 36y > 0Vx € (b—62,b] : f(x) >0 = g <b—392 <

Zloxazamencmso na Teopema wa Batiepuspac

I. f:[a,b] — R HempekbcHaTa —> oOrpaHnveHa

Homyckame, de f([a,b]) ne e orpammdeno, roecr VN € N 3z € [a,b] : |f(z)] > N. Crpoum penunara
{zn}22, C [a,b] (3a koaTo |f(x,)| > n):

Ba N =1: 3z € [a,b], |f(z1)]>1
Ba N =2: 3xs € a,b], [f(x2)l>2

Ba N=n: 3z, €la,b], |f(x1)|>n

Ot Teopemara ma Bosamano-Baiiepmpac, mmame cXomdina MOIPETUIA {xnk},‘?:l C {zn}oly, Tn, k—> To.
— 00

xo € [a,b] u f menpexbcuara B xg = f(zp,) — f(zo). Obaue mo mocrpoenue, |f(xy, )| > ng P
— 00 — 00

nporusopeune!
II. — wma mMakcuMa/iHA U MUHHMAJIHA CTOWHOCT
Crpoum peaunara {,}5% C [a,b] (3a kostro f(z) > sup f([a,b]) — 2):

1 1
Ba npoussosHo n € N : <sup f(la,b]) — ) < sup f([a,b]) = Tz, € [a,b] : <sup f(la,b]) — > < f(zy)
n n
Or Teopemara na Bonmano-Baiteprpac, nManme CXOAsIma MOAPeIUIa { Xy, 17221 C {xn}il 1, Tn, k—> Tonam-
—00
Tmaz € a,b] 1 f HenpexbcHnata B 19 = f(zp,) k—> f(@maz)-
— 00
Ot apyra crpaHa, 1o nocrpoenue, sup f([a, b]) — é < f(zp,) <sup f([a,b]), kbaero

() > sup {[a:b).
Crenosarento f(Tmag) = sup f([a,b]).
ITpasum ananornauo 3a inf f([a, b]). O

sup f([a,b]) — L — sup f([a,b]) u sup f([a,d]) —) sup f([a,b]). Ot nemara 3a gBamara mHosMIAH,

Lloxazamenacmso na Teopema na Karnmop
Jomyckame IpOTUBHOTO, Ye f HE € DABHOMEPHO HEIPEKbCHATA B [a, b]:

Jep > 0V6 > 03z € [a,b] 2’ € [a,b], |z — 2’| <& :|f(x) — f(2)]| > <o



[MocrposiBame pepunure {2, }00 1, {2, }>2 , C [a, b]:

1= Fzy,2) €a,b] : |ay — 2| <1um|f(x1) — f(2)| > €0
L= Gup,a) € [a,b] ¢ oz — 2] < 3w |flaz) — Flap)] 2 <o

o
0

0= 5= Fop,ap € [a,0] « |vn — 23| < 3w [f(zn) — f(a7,)] > €0

TODO: FINISH

Jlekimusaa 7 OcHOBHU ejieMeHTapHU (PYHKIAN

Jlekiua 8 JIudepeHimmpyemMocT 1 mpou3BOogHA

Zoxasamencmeo na “Axo f e dudepernyupyema 6 x, mo masa e nenpexscrama 6 T’
Tpecyaranie lim f(y) = lim (f(y) = f(2)) + f(x) = lim JO=LE () 4 f(@) = f'(2) -0+ f(2) = f(2).
Yy—x y—x y—x

IIlom lim f(y) = f(x), To f e HenpekbcHATA B . O
y—x

JIekmmusg 9 OcHoBHEu TeopeMu 3a audepeHnupyemMu oyHKIIINT

Zloxazamencmso na Teopema na Pepma
B.0.0. zp e Touka Ha JiokajeH MakcumyM, T0 39 > 0: (xg — 0,20 +9) C D u Vz € (xg — d, o + 9),

f(zo) > f(x). Pasrumexmame f'(xg) = IIL%O %ﬂ)xo)
T KJIOHU K'bM T OT JISIBO WJIU OTJISICHO:
Ba z € (xg,x0+9), %ﬁgxo) < 0= f'(zg) <0. Ba z € (zg — 9, x0), %ﬁéxo) > 0= f'(zg) > 0.
Crenosarenno f'(xg) = 0. O

Zloxazamencmso na Teopema wa Pon
f e mempexbcHara B [a, b], To ToraBa or Teopemara na Baiiepiipac, f e orpanndena u
sup f([a,b]) = f(®maz),inf f([a,b]) = f(Zmin). Torasa noxe egHO OT CileIHUTE € USI'LIHEHO:

® Tpin € (a,b), TO Ty € JOKaJen MmuaumyM u oT Teopemara na @epma, f/(Zmin) = 0
® Tpar € (a,0), TO Tpgy € okasien MakcumyM u ot Teopemara na @epma, f/(Zmar) = 0

® Tiin, Tmaz € {a,b}, nonexe f(a) = f(b), 1o f(Tmin) = f(Tmaz). [ € KOHCTAHTHA U CJIEIBATETHO OT
Teopemara na ®epma VE € (a,b) : f/(§) =0 O

Joxazamencmeso na Teopema na Jlaepanowe (Teopema na kpatinume napacmeanua,)
Pasrnexxname g(z) = f(z) — kx (rbpcum Takosa k, ge g(z) ma ynosiaerBopsiBa Teopemara na Pox). g e
)

nudepennupyema B (a, b) u HenpekbeHarta B {a, b}. Uckame g(x) = g(b) f(a)—ka = f(b)—kb k= %
Ot Teopemara ua Pou, ciensa 1e coimecrsysa € € (a,b) : ¢'(£) = 0.
Toeer 0 = g'(§) = f/(§) —k = f(§) =k = {41, O

Jlokasameacmso na Ipurnyun 3a koncmanwmuocm (Ocnosha meopema Ha JUBEPEHUUAAHOMO CMAMAHE)

(=) TpuBnasnno (mpomsBoxia Ha KOHCTAHTA € HYyJIa)

(<) Heka Vo € A : f'(z) = 0. Usbupame npoussosnu x1, 9 € A, x1 < x9. Torasa [x1,79] C A u or
_ f(@2)—f(=1)

Teopemara na Jlarpamx mosydasame, e cbinectByBa & € (z1,22) : f(€§) = 0. To 0 = f/(€) ppm—

= f(z2) — f(z1) = 0(x2 — x1) = 0, Toect f(x2) = f(x1) V1,22 € A u f e KoHCTAHTA.

Zloxazamenacmso na Ilpunyun 3a mMoromonrocm
B.0.0. pasrmexxname pactama oyukmusg f: A — R



flz+Az)—f(z)

(=) Or nedununumara 3a npoussoguaa f'(x) = lim — . 3abenasBame, ye:

Ax>0=z+ Az >z, f(x+ Ax) (x) } . flz+ Az) — f(x)

A =/ >0 = f(x) >0
r<0=z+Azx <z f(lr+ Azx) < f(z) Ax

O

(<) Usbupame npoussosnu r1,re € A,x; < x9. Torasa [x1,x2] C A u or Teopemara na Jlarpanxk
nosiydaBame, de cbinecrsysa § € (z1,x2) @ f'(§) = % = (x2 — 21)f'(§) = f(x2) — f(x1). Tbii kaToO

x> 21 1 f'(§) >0, 10 f(22) > f(21) M f e pacrama. O

Jloxazameacmeso na Teopema na Kowu (Obobwerna meopema 3a kpatinume Hapacmeanus)
Hedunupame h(z) = f(x) — kg(x) u rbpeum k 3a koero h(a) = h(b). Toect uckame

f(a) —kg(a) = f(b) — kg(b) < k(g(b) —g(a)) = f(b) — f(a)

Homyckame ue g(a) = g(b) m or Teopemara na Pou, ciensa we cbmecrByBa = € (a,b) : ¢'(x) = 0. Tosa
IPOTUBOPEYN Ha TPETOTO yCJIOBHE , ciemoBarento g(a) # g(b) u 1/1361/IpaMe k=1 Ezg g ((a))

IMonexe h(a) = h(b), To or Teopemara na Pos cwmecrsysa € € (a, h'(§) = 0. Or npasusara 3a
nucepenuupane, I (x) = f'(x) — kg'(z) u 0= W'(§) = f'(€) — ky'(§) = ( L Lpeha O

Jloxazamencmeo na 1-6a meopema wa Jlonuman (neonpedeaenocm om euda [%] )

N36upame npoussosso x € (a,b]. Ot O6obuIeHaTa TeOpeMa 3a KpaiiHuTe HapacTBaHust KbM f U g B [z, b],
f'(&) _ f(O)—f(z) _ flx) f(z) _ f) — 1y @)

HAMUPaMe 4e CbINecTByBa &y € (2, ) : TS = 90— = 9 Nmame xligl o) = xlg? T = ylgil— VUOR
KaTo nojlarame y := &;. Ilonexxe r —,<p b, TO y = §& —y<p b. ]

Jlokasameacmso na 2-pa meopema na Jlonuman (neonpedeserocm om euda [%] )

Nsbupame npoussoiiau ., xg € (a,b),a < xg < x < b. Or O6obIeHaTa reopeMa 3a KpailHUTe HAPDACTBAHUS
f(@)=f(@o) _ f'(&eap)

kbM f 1 g B [20,2] C (a,b), HAMEpamMe de cbluecTByBa &z 70 € [0, 2] s —g@) = FEra)" OsnagaBaBMme
lim £@) = I. Hexa ¢ > 0 npoussosro, Torasa 35 > 0,y € (b—4,b): L) L‘ < £
op— 9 () g'(z) 2

TODO: FINISH
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